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THE KUMMERIAN PROPERTY AND MAXIMAL PRO-p
GALOIS GROUPS
IDO EFRAT AND CLAUDIO QUADRELLI
Abstract. For a prime number p, we give a new restriction on pro-p groups
G which are realizable as the maximal pro-p Galois group GF (p) for a field
F containing a root of unity of order p. This restriction arises from Kummer
Theory and the structure of the maximal p-radical extension of F . We study
it in the abstract context of pro-p groups G with a continuous homomorphism
θ : G → 1 + pZp, and characterize it cohomologically, and in terms of 1-
cocycles on G. This is used to produce new examples of pro-p groups which
do not occur as maximal pro-p Galois groups of fields as above.
1. Introduction
A major open problem in modern Galois theory is to characterize the profinite
groups which are realizable as absolute Galois groups of fields. A seemingly more
approachable problem is to characterize, for a prime number p, the pro-p groups
G which are realizable as the maximal pro-p Galois group GF (p) of some field
F containing a root of unity of order p.
Among the known group-theoretic restrictions on pro-p groups G realizable
as GF (p), with F as above, one has Becker’s pro-p version of the classical Artin–
Schreier theorem: Its finite subgroups can only be trivial or of order 2 [Bec74].
Next, it follows from the deep results of Voevodsky and Rost that the coho-
mology ring H∗(G,Z/p) is quadratic, i.e., it is generated by degree 1 elements
and its relations originate from the degree 2 part; see §8.
A more recent restriction concerns the external cohomological structure of
G. Namely, for every ϕ1, ϕ2, ϕ3 ∈ H1(G,Z/p), the 3-fold Massey product
〈ϕ1, ϕ2, ϕ3〉 is not essential ([Mat14], [EM17], [MT16]; see §9 for these notions).
In the present paper we give a new restriction on pro-p groups G which are
realizable as GF (p), for a field F containing a root of unity of order p. This
restriction arises from Kummer theory, specifically, from the structure of the
maximal p-radical extension F ( p
∞√
F ) of F . We apply this property to give new
explicit examples of groups which are not realizable in this way.
More specifically, we study a property of pairs G = (G, θ), where θ is a con-
tinuous homomorphism from G to the group 1 + pZp of the 1-units in Zp. We
assume for the moment that Im(θ) is a torsion free subgroup of 1 + pZp, which
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is always the case for p odd. For such a pair G we define a certain canonical
closed normal subgroup K(G) of G, and observe that the quotient G/K(G) de-
composes as a semi-direct product A ⋊ G¯, where A is an abelian pro-p group,
G¯ is isomorphic to either Zp or {1}, and the action is by exponentiation by θ
(see Proposition 3.3(a)). We call G Kummerian if, moreover, A is a free abelian
pro-p group. The motivating example for this notion is Galois theoretic: For a
field F as above, we let θ = θF,p : G = GF (p)→ 1+ pZp be the pro-p cyclotomic
character. Then Kummer theory implies that GF = (G, θ) is Kummerian (see §4
for details). Note that in this situation the assumption that Im(θF,p) is torsion
free just means that
√−1 ∈ F if p = 2.
The Kummerian property is intimately related to 1-cocycles. For example,
assuming that G is finitely generated, the pair G = (G, θ) is Kummerian if
and only if K(G) = ⋂c c−1({0}), where the intersection is over all 1-cocycles
c : G → Zp(1)θ, and Zp(1)θ is the G-module with underlying group Zp and G-
action induced by θ (see Theorem 7.7). Moreover, it follows from results of
Labute [Lab67a] that G is Kummerian if and only if every map α : X → Zp,
where X is a minimal generating set of G, extends to a 1-cocycle c : G→ Zp(1)θ.
It is this latter lifting property which we use in §8 to rule out various pro-p
groups G from being maximal pro-p Galois groups GF (p) as above.
Our new restriction implies the Artin–Schreier/Becker restriction on the finite
subgroups of GF (p) (Remark 4.3(3)), but is independent of the cohomological
quadraticness restriction, as well as the restriction on 3-fold Massey products
(see §9, as well as Examples 8.5 and 8.7).
We further show that the class of Kummerian cyclotomic pro-p pairs is closed
under basic operations: free products, and extensions by a free abelian pro-p
group (see Propositions 7.5 and 3.6).
Some of the results of this paper were presented at the BIRS workshop on
“Nilpotent Fundamental Groups” on June 2017. Following it we were informed
by Ja´n Mina´cˇ about the (then) forthcoming work [MRT18] on the structure of
relations in GF (p), which is related to these results.
We warmly thank Nguyen Duy Taˆn for pointing out to the second-named
author the possible importance of [Lab67a, Prop. 6] for results as in our §8. We
thank Ja´n Mina´cˇ and Thomas Weigel (the former thesis advisors of the second-
named author) for other inspiring discussions on related topics. This research
was supported by the Israel Science Foundation (grant No. 152/13). The second-
named author was also partially supported by the BGU Center for Advanced
Studies in Mathematics.
2. Cyclotomic pro-p pairs
Let p be a fixed prime number. Let 1 + pZp be the group of 1-units in Zp.
Thus 1 + pZp ∼= Zp for p 6= 2, and 1 + 2Z2 ∼= (Z/2) ⊕ Z2. Following [Efr95] and
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[Efr98], we define a cyclotomic pro-p pair to be a pair G = (G, θ) consisting of a
pro-p group G and a continuous homomorphism θ : G → 1 + pZp. We say that
G is finitely generated if G is finitely generated as a pro-p group. We say that
G is torsion free if Im(θ) is a torsion free subgroup of 1 + pZp. Note that this is
always the case when p 6= 2.
A morphism ϕ : (G1, θ1) → (G2, θ2) of cyclotomic pro-p pairs is a continuous
homomorphism ϕ : G1 → G2 of the pro-p groups such that θ1 = θ2 ◦ ϕ. We say
that ϕ is a cover if ϕ induces an isomorphism G1/Frat(G1) → G2/Frat(G2),
where Frat(Gi) = G
p
i [Gi, Gi] denotes the Frattini subgroup of Gi.
We list some basic constructions in the category of cyclotomic pro-p pairs.
(1) For a cyclotomic pro-p pair G = (G, θ) and a closed normal subgroup
N of G contained in Ker(θ) we define the quotient G/N to be the pair (G/N, θ¯),
where θ¯ : G/N → 1 + pZp is the homomorphism induced by θ.
(2) Given cyclotomic pro-p pairs G1 = (G1, θ1) and G2 = (G2, θ2), the free
product G1∗G2 is the pair (G, θ), where G = G1∗pG2 is the free product of G1, G2
in the category of pro-p groups, and θ : G → 1 + pZp is the unique continuous
homomorphism extending θ1 and θ2, given by the universal property of G.
(3) Consider a cyclotomic pro-p pair G¯ = (G¯, θ¯) and an abelian pro-p group
A, written multiplicatively. We define the extension A⋊ G¯ to be the pair (G, θ),
where G = A⋊ G¯ with the action given by g¯h = hθ¯(g¯) for h ∈ A and g¯ ∈ G¯, and
where θ : A ⋊ G¯ → 1 + pZp is the composition of the projection G → G¯ and θ¯.
The Frattini quotient of G = A⋊ G¯ is
(2.1) G/Frat(G) = (A/Ap)× (G¯/Frat(G¯)).
Lemma 2.1. In the above setup, G is finitely generated if and only if both A
and G¯ are finitely generated (as pro-p groups).
Proof. This follows from (2.1) and the Frattini argument [NSW08, Prop. 3.9.1].

Note that A′ ⋊ (A⋊ G¯) ∼= (A×A′)⋊ G¯ for any abelian pro-p groups A,A′.
Given a morphism ϕ¯ : G¯′ → G¯ of cyclotomic pro-p pairs and a continuous
homomorphism A′ → A of pro-p abelian groups, there is an induced morphism
ϕ : A′ ⋊ G¯′ → A⋊ G¯. Using (2.1) we obtain:
Lemma 2.2. In the above setup, ϕ is a cover if and only if ϕ¯ is a cover and the
induced map A′/(A′)p → A/Ap is an isomorphism.
Finally, we will make repeated use of the following observation on abelian
groups.
Lemma 2.3. Let ϕ : B → A be a continuous homomorphism of abelian pro-p
groups. Suppose that ϕ induces an isomorphism B/Bp → A/Ap of the Frattini
quotients, and that A is a free abelian pro-p group. Then ϕ is an isomorphism.
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3. The subgroup K(G)
Given a cyclotomic pro-p pair G = (G, θ), let
K(G) =
〈
h−θ(g)ghg−1
∣∣∣ g ∈ G, h ∈ Ker(θ)〉.
Thus K(G) is the closed subgroup of G with generators as stated. Note that
K(G) is a normal subgroup of G, and K(G) ≤ Ker(θ) with Ker(θ)/K(G) abelian.
In particular, we have the quotient G/K(G), in the sense of §2. If θ = 1, then
K(G) = [G,G] is the commutator (closed) subgroup of G.
Since Im(θ) ⊆ 1+pZp, the generators h−θ(g)ghg−1 ofK(G) belong to Frat(G) =
Gp[G,G], so K(G) ⊆ Frat(G). Therefore the morphism G → G/K(G) is a cover.
The map G 7→ K(G) is a functor from the category of cyclotomic pro-p pairs
to the category of pro-p groups. The map G 7→ G/K(G) is a functor from the
category of cyclotomic pro-p pairs to itself.
Example 3.1. Let G = (G, θ) be a cyclotomic pro-p pair with G ∼= Zp. Then
K(G) is trivial. Indeed, if θ = 1, then K(G) = [G,G] = {1}, and else Ker(θ) =
{1}, so all the generators of K(G) are 1.
Lemma 3.2. Let G¯ = (G¯, θ¯) be a cyclotomic pro-p pair, let A be an abelian
pro-p group, and set G = A⋊ G¯. Then K(G) = {1} ×K(G¯).
Proof. We write A multiplicatively and set G = (G, θ). Then Ker(θ) = A ×
Ker(θ¯).
We show that the generators of K(G) are the same as the generators of K(G¯),
when one identifies G¯ as a subgroup of G. Let g ∈ G and h ∈ Ker(θ). We
may write g = ag¯ and h = a′h¯ with a, a′ ∈ A, g¯ ∈ G¯ and h¯ ∈ Ker(θ¯). Then
θ(g) = θ¯(g¯) and g¯a′ = (a′)θ¯(g¯)g¯. Also a commutes with both a′ and g¯h¯g¯−1, and
a′ commutes with h¯. We now compute:
h−θ(g)ghg−1 = h−θ(g)ag¯a′h¯g¯−1a−1 = h−θ(g)a(a′)θ¯(g¯)(g¯h¯g¯−1)a−1
= (a′h¯)−θ¯(g¯)(a′)θ¯(g¯)g¯h¯g¯−1 = h¯−θ¯(g¯)g¯h¯g¯−1,
as desired. 
The subgroup K(G) is characterized by the following minimality property:
Proposition 3.3. (a) When G is torsion free,
G/K(G) ∼= (Ker(θ)/K(G)) ⋊ (G/Ker(θ)).
In particular, K(G/K(G)) = {1}.
(b) Let G¯ = (G¯, θ¯) be a cyclotomic pro-p pair such that Ker(θ¯) = {1}, and
let A be an abelian pro-p group. Then every morphism ϕ : G → A⋊ G¯ of
cyclotomic pro-p pairs factors through G/K(G).
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Proof. (a) Set G = (G, θ). Since it is torsion free, G/Ker(θ) ∼= Im(θ) is
isomorphic to either Zp or {1}. In particular, the epimorphism G/K(G) →
G/Ker(θ) splits. Hence
G/K(G) ∼= (Ker(θ)/K(G)) ⋊ (G/Ker(θ)),
where the action is given by g¯h¯g¯−1 = h¯θ(g) for a coset h¯ of h ∈ Ker(θ) in
Ker(θ)/K(G) and a coset g¯ of g ∈ G in G/Ker(θ). The first assertion follows.
The second assertion of (a) follows from the first one and from Lemma 3.2.
(b) By the functoriality of K and by Lemma 3.2,
ϕ(K(G)) ⊆ K(A⋊ G¯) = {1} ×K(G¯) = {1}. 
Motivated by Theorem 4.2 below, which is a consequence of Kummer theory,
we define the following key notion:
Definition 3.4. A cyclotomic pro-p pair G = (G, θ) isKummerian if Ker(θ)/K(G)
is a free abelian pro-p group.
Recall that this quotient is always an abelian pro-p group.
3.5. Examples. (1) Given a pro-p group G, the cyclotomic pair (G, 1) is
Kummerian if and only if the abelianization Gab = G/[G,G] is a free abelian
pro-p group.
(2) In particular, a cyclotomic pro-p pair of the form (Z/p, θ) cannot be
Kummerian when p 6= 2, since necessarily θ = 1.
(3) By contrast, when p = 2 the pair G = (Z/2, θ), where θ is the nontrivial
homomorphism Z/2→ 1+ 2Z/2, is Kummerian. Indeed, here one has Ker(θ) =
K(G) = {1}.
(4) When p = 2, a cyclotomic pro-p pair of the form G = (Z/4, θ) cannot
be Kummerian. Indeed, when θ = 1 this follows from (1). Otherwise Ker(θ) =
2Z/4Z, and K(G) = {0}, so Ker(θ)/K(G) ∼= Z/2.
(5) Still in the case where p = 2, a cyclotomic pro-p pair G = (G, θ) with
G ∼= (Z/2)2 cannot be Kummerian. Indeed, θ(g) = ±1 for every g ∈ G, so
K(G) = {1}. Moreover, since G does not embed in 1+ 2Z2, the kernel Ker(θ) is
nontrivial. Being finite, it is therefore not a free abelian pro-2 group.
(6) A cyclotomic pro-p pair G = (G, θ) is Kummerian if and only if G/K(G) =
(G/K(G), θ¯) is Kummerian. Indeed, Ker(θ)/K(G) = Ker(θ¯), and by Proposition
3.3(a), K(G/K(G)) = {1}.
Proposition 3.6. Let G¯ be a cyclotomic pro-p pair and let A be a free abelian
pro-p group. Then G = A⋊ G¯ is Kummerian if and only if G¯ is Kummerian.
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Proof. Let G¯ = (G¯, θ¯) and G = (A ⋊ G¯, θ). Then Ker(θ) = A × Ker(θ¯). By
Lemma 3.2, K(G) = {1} ×K(G¯). Hence
Ker(θ)/K(G) = A× (Ker(θ¯)/K(G¯)),
and the desired equivalence follows. 
Corollary 3.7. Let G = (G, θ) be a torsion free cyclotomic pro-p pair, with
G 6= 1. The following conditions are equivalent:
(a) G is Kummerian and K(G) = {1};
(b) G ∼= A ⋊ G¯ for some free abelian pro-p group A and some cyclotomic
pro-p pair G¯ = (G¯, θ¯) with G¯ ∼= Zp.
Proof. (a)⇒(b): By Proposition 3.3(a), G ∼= A⋊ (G/Ker(θ)) for a free abelian
pro-p group A. As before, either G/Ker(θ) ∼= Im(θ) ∼= Zp or else θ = 1. In the
first case we are done.
In the second case, as G = A 6= 1, we may write A = A′ × Zp for some free
abelian pro-p group A′. Then G ∼= A′ ⋊ (Zp, 1).
(b)⇒(a): The pair G¯ is Kummerian, so by Proposition 3.6, A ⋊ G¯ is also
Kummerian. By Example 3.1 and Lemma 3.2, K(A⋊ G¯) = {1}. 
4. The Galois case
Throughout this section let F be a field containing a root of unity of order
p (in particular, char(F ) 6= p). Let F (p) be the compositum of all finite Galois
p-extensions of F , so GF (p) = Gal(F (p)/F ) is the maximal pro-p Galois group
of F . Let µpn be the group of all roots of unity of order dividing p
n in the
algebraic closure of F , and set µp∞ =
⋃∞
n=1 µpn . In fact, µp∞ ⊆ F (p). The group
Aut(µp∞/µp) of all automorphisms of µp∞ fixing µp is isomorphic to 1 + pZp;
More specifically, σ ∈ Aut(µp∞/µp) corresponds to the p-adic unit λ ∈ 1 + pZp
such that σ(ζ) = ζλ for every ζ ∈ µp∞. The composition of the restriction map
GF (p)→ Aut(µp∞/µp) and this isomorphism is the pro-p cyclotomic character
θF,p : GF (p) −→ 1 + pZp.
Definition 4.1. The cyclotomic pro-p pair of the field F is the pair
GF = (GF (p), θF,p).
It is torsion free if and only if p 6= 2 or else p = 2 and √−1 ∈ F .
Furthermore, for every Galois extension E/F such that F (µp∞) ⊆ E ⊆ F (p),
one has E(p) = F (p) and GE(p) ≤ Ker(θF,p). We define the cyclotomic pro-p
pair of E/F to be
G(E/F ) = GF /GE(p) = (Gal(E/F ), θE/F,p),
where θE/F,p : Gal(E/F )→ 1 + pZp is the homomorphism induced by θF,p
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In the next theorem we restrict ourselves to torsion free pairs GF . Then the
subgroup K(GF ) can be naturally interpreted as in part (d) of the Theorem.
This connection was first observed and is studied in the forthcoming paper by
T. Weigel and the second-named author [QW18].
Theorem 4.2. Assume that
√−1 if p = 2 and let E = F ( p∞√F ) be the field
obtained by adjoining to F all roots of p-power degree of elements of F . Also let
A = Gal(E/F (µp∞)) = Ker(θF,p)/GE(p)
G¯ = G(F (µp∞)/F ) = GF/Ker(θF,p).
Then:
(a) G¯ = G(E/F )/Ker(θE/F,p).
(b) G(E/F ) = A⋊ G¯.
(c) A is a free abelian pro-p group.
(d) K(GF ) = GE(p).
(e) GE = (K(GF ), 1).
(f) GF is Kummerian.
Proof. (a) Trivial.
(b) The assumptions imply that Gal(F (µp∞)/F ) is isomorphic to either Zp
or 1. Hence there is a natural semi-direct product decomposition
Gal(E/F ) = A⋊Gal(F (µp∞)/F ),
To compute the action, let σ ∈ Gal(E/F ) and τ ∈ A. It suffices to show that
(στσ−1)( q
√
a) = τ θ(σ)( q
√
a) for every p-power q and a q-th root q
√
a of an element
a of F×, where we abbreviate θ = θE/F,p. We may write σ(
q
√
a) = ζ q
√
a and
τ( q
√
a) = ω q
√
a for some q-th roots of unity ζ, ω. Then σ−1( q
√
a) = ζ−θ(σ
−1) q
√
a,
so (τσ−1)( q
√
a) = ζ−θ(σ
−1)ω q
√
a. This implies that
(στσ−1)( q
√
a) = (ζθ(σ))−θ(σ
−1)ωθ(σ)ζ q
√
a = ωθ(σ) q
√
a = τ θ(σ)( q
√
a).
Thus στσ−1 = τ θ(σ), as required.
(c) This seems well known, but we provide a proof due to lack of reference.
Set L = F (µp∞) and for n ≥ 1 let Tn = F×/(F× ∩ (L×)pn). Note that Tn is a
pn-torsion (discrete) abelian group.
Now Kummer theory [Lan02, Ch. VI, Th. 8.1] gives for every n a commutative
diagram of non-degenerate bilinear maps
Gal(L( p
n+1√
F )/L)

× Tn+1

(·,·)n+1// µpn+1
p

Gal(L( p
n√
F )/L) × Tn
(·,·)n // µpn ,
8 IDO EFRAT AND CLAUDIO QUADRELLI
where (σ, a¯)n = σ( p
n√
a)/ p
n√
a, and similarly for (·, ·)n+1. It follows that
Gal(E/L) = lim←−Gal(L(
pn
√
F )/L)
is a torsion-free abelian pro-p group, whence a free abelian pro-p group.
(d) Write G¯ = (G¯, θ¯). Thus G¯ = Gal(F (µp∞)/F ) and Ker(θ¯) = {1}. By
Proposition 3.3(a), GF /K(GF ) ∼= B ⋊ G¯, where B = Ker(θF,p)/K(GF ). By
(c) and Proposition 3.3(b), the canonical morphism GF → G(E/F ) factors via
GF/K(GF ). We obtain a commutative square of morphisms
GF/K(GF ) //
≀

G(E/F )
≀

B ⋊ G¯ // A⋊ G¯.
SinceK(GF ) and GE(p) are both contained in Frat(GF (p)), the upper horizontal
epimorphism is a cover. Therefore so is the lower epimorphism, and by Lemma
2.2, the induced map B/Bp
∼−→ A/Ap is an isomorphism. Since B is an abelian
pro-p group and A is a free abelian pro-p group (by (c)), Lemma 2.3 implies that
the map B → A is an isomorphism. It follows that K(GF ) = GE(p).
(e) This follows immediately from (d).
(f) By (d), Ker(θF,p)/K(GF ) = Ker(θF,p)/GE(p) = A, and this is a free
abelian pro-p group, by (c). 
4.3. Remarks. (1) Let F and E be as in Theorem 4.2. In [Pos05] Positselski
conjectures that GE(p) is a free pro-p group. This is a variant of a conjecture
due to Bogomolov [Bog95], which predicts that for every field F which contains
an algebraically closed subfield, the p-Sylow subgroup of the commutator of the
absolute Galois group GF of F is a free pro-p group.
(2) Suppose that char F 6= p and F contains all roots of unity of p-power
order. Then GF = (GF (p), 1). As GF is Kummerian (Theorem 4.2(f)), Example
3.5(1) recovers in this case the well known fact that GF (p)
ab is in this case a
free abelian pro-p group.
(3) In view of Theorem 4.2(f) and Examples 3.5(2)(4)(5), there are no fields
F containing a root of unity of order p such that GF (p) is isomorphic to Z/p with
p odd, to Z/4, or to (Z/2)2. Consequently, the only finite groups of the form
GF (p), with F as above, can be of order 1 or 2. This recovers a result of Becker
[Bec74]. As a special case one recovers the classical Artin–Scherier theorem,
asserting that for a field F with separable closure Fsep, the degree [Fsep : F ] is
either 1, 2, or ∞.
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(4) Let F be a field containing a root on unity of order p, and containing√−1 if p = 2. One says that F is p-rigid if for every a, b ∈ F× with asso-
ciated Kummer elements (a)F , (b)F in H
1(GF (p),Z/p), if (a)F ∪ (b)F = 0 in
H2(GF (p),Z/p), then (b)F = (a)
i
F for some 0 ≤ i ≤ p− 1, or (a)F = 0 [War92].
Suppose that F×/(F×)p is finite. By [CMQ15, Cor. 3.17], GF satisfies the
equivalent conditions of Corollary 3.7 if and only if F is a p-rigid field.
Example 4.4. In the setup of Theorem 4.2, denote N = GF (µp∞ )(p), and let
L = F (µp∞)
p,ab be the maximal pro-p abelian extension of F (µp∞), i.e., the fixed
field in F (p) of the commutator subgroup [N,N ]. Since the extension E/F (µp∞)
is pro-p abelian, E ⊆ L. The restrictions induce epimorphisms
GF/K(GF )→ G(L/F )/K(G(L/F )) → G(E/F )/K(G(E/F )).
Furthermore, G(E/F ) ∼= GF /K(GF ), so by Proposition 3.3(a), K(G(E/F )) =
{1}, implying that the above epimorphisms are injective. Since GF is Kumme-
rian, we deduce from Example 3.5(6) that
G(E/F ) = G(F ( p∞
√
F )/F ), G(L/F ) = G(F (µp∞)p,ab/F )
are also Kummerian.
When F is a number field, N is a free pro-p group [NSW08, Cor. 8.1.18], so
N/[N,N ] is a free abelian pro-p group. Its structure as a Zp[[Gal(F (µp∞)/F )]]-
module is important in the context of Iwasawa theory. The Zp[[Gal(F (µp∞)/F )]]-
module N/Np[N,N ] is also of importance (see e.g., [BSJN15]), however the
corresponding cyclotomic pair GF/Np[N,N ] is not Kummerian. We thank the
referee for pointing out these connections.
5. The structure of Ker(θ)/K(G)
Given closed subgroups H1,H2 of a pro-p group G, we write [H1,H2] for the
closed subgroup of G generated by all commutators [h1, h2] = h
−1
1 h
−1
2 h1h2 with
h1 ∈ H1 and h2 ∈ H2.
Lemma 5.1. Let N be a closed normal subgroup of a pro-p group G such that
G/N is a free pro-p group. There is a split short exact sequence
1 // N/Np[G,N ] // G/Gp[G,G] // G/NGp[G,G] // 1.
Proof. One has H2(G/N,Z/p) = 0 [NSW08, Prop. 3.5.17]. The five term se-
quence in cohomology [NSW08, Prop. 1.6.7] therefore implies that the restric-
tion map Res: H1(G,Z/p) → H1(N,Z/p)G is surjective. Also, the substitution
maps give rise to a commutative diagram of non-degenerate bilinear maps (see
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[EMi11, Cor. 2.2])
G/Gp[G,G] ×H1(G,Z/p)
Res

// Z/p
N/Np[G,N ] ×H1(N,Z/p)G
OO
// Z/p,
where the left vertical map is induced by the inclusion N ≤ G. It follows that
the left vertical map is injective. The exactness of the sequence follows. Since
it consists of elementary abelian p-groups, it splits. 
Proposition 5.2. Let G = (G, θ) be a torsion free cyclotomic pro-p pair, and
set N = Ker(θ). Then there is a split short exact sequence of elementary abelian
p-groups
1 // N/K(G)Np // G/Gp[G,G] // G/NGp // 1.
Proof. As noted earlier, K(G) ≤ N . Since G is torsion free, G/N ∼= Im(θ) is
either Zp or {1}. Lemma 5.1 for the closed normal subgroup N/K(G) of the
pro-p group G/K(G) yields the exact sequence
1 // N/K(G)Np[G,N ] // G/K(G)Gp[G,G] // G/NGp // 1.
Moreover, for every g ∈ G and h ∈ N one has
gh−1g−1h =
(
h−θ(g)ghg−1
)−1
· h1−θ(g) ∈ K(G)Np.
Therefore [G,N ] ≤ K(G)Np.
Also, we have noted that K(G) ≤ Frat(G) = Gp[G,G], and the assertion
follows. 
Lemma 5.3. Let pi : G1 = (G1, θ1) → G2 = (G2, θ2) be a cover of torsion
free cyclotomic pro-p pairs. Then pi induces an epimorphism Ker(θ1)/K(G1)→
Ker(θ2)/K(G2) of pro-p groups, which is an isomorphism on the Frattini quo-
tients.
Proof. For i = 1, 2 we denote Ni = Ker(θi) and recall that K(Gi) ≤ Ni.
It is straightforward to show that pi induces an epimorphism N1 → N2 of
pro-p groups. By the functoriality of K, it further induces an epimorphism
N1/K(G1)→ N2/K(G2) of abelian pro-p groups.
Moreover, pi induces a group isomorphismG1/N1 ∼= G2/N2 (≤ Zp). Therefore,
and in view of Proposition 5.2, pi induces the following commutative diagram of
elementary abelian p-groups:
1 // N1/K(G1)Np1 //

G1/G
p
1[G1, G1]
//

G1/N1G
p
1
//

1
1 // N2/K(G2)Np2 // G2/Gp2[G2, G2] // G2/N2Gp2 // 1.
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Since pi is a cover, the middle vertical map is an isomorphism. The right vertical
map is an isomorphism since Gi/NiG
p
i is the Frattini quotient of Gi/Ni, i =
1, 2. By the snake lemma, the left vertical map is also an isomorphism, as
required. 
Lemma 5.4. For i = 1, 2 let Gi = (Gi, θi) be a finitely generated torsion free
cyclotomic pro-p pair, and set Ni = Ker(θi). Assume that there are continuous
isomorphisms
N1/K(G1)Np1 ∼= N2/K(G2)Np2 , G1/N1Gp1 ∼= G2/N2Gp2.
Assume further that G1 is a free pro-p group. Then there is an epimorphism
pi : G1/K(G1) → G2/K(G2) which induces the above isomorphisms, and maps
N1/K(G1) onto N2/K(G2).
Proof. For i = 1, 2, since Gi is torsion free, Gi/Ni is either Zp or {1}, whence is a
free pro-p group. Proposition 5.2 gives a split short exact sequence of elementary
abelian p-groups
1 // Ni/K(Gi)Npi // Gi/Gpi [Gi, Gi] // Gi/NiGpi // 1.
Thus
Gi/G
p
i [Gi, Gi]
∼= (Ni/K(Gi)Npi )⊕ (Gi/NiGpi ).
Therefore the isomorphisms in the assumptions of the lemma combine to an
isomorphism p¯i which makes the following diagram commutative with exact rows:
1 // N1 //

G1 //

G1/N1 // 1
1 // N1/K(G1) //

G1/K(G1) //

G1/N1 //

1
1 // N1/K(G1)Np1 //
≀

G1/G
p
1[G1, G1]
//
≀p¯i

G1/N1G
p
1
//
≀

1
1 // N2/K(G2)Np2 // G2/Gp2[G2, G2] // G2/N2Gp2 // 1
1 // N2/K(G2) //
OOOO
G2/K(G2) //
OOOO
G2/N2 //
OOOO
1
1 // N2 //
OOOO
G2 //
OOOO
G2/N2 // 1.
Choose a minimal generating subset X¯ ′1 of N1/K(G1)Np1 , as well as a subset
X¯ ′′1 of G
p
1/G1[G1, G1] which is mapped bijectively onto a minimal generating
subset of G1/N1G
p
1. The sets X¯
′
1, X¯
′′
1 correspond under p¯i to subsets X¯
′
2, X¯
′′
2 of
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N2/K(G2)Np2 , G2/Gp2[G2, G2], respectively, with analogous properties. For i =
1, 2, the union X¯i = X¯
′
i ·∪X¯ ′′i is a minimal generating subset of Gi/Gpi [Gi, Gi]. We
lift X¯ ′i, X¯
′′
i to subsets Xˆ
′
i, Xˆ
′′
i of Ni, Gi, respectively. By the Frattini argument,
Xˆi = Xˆ
′
i ·∪ Xˆ ′′i is a minimal generating subset of Gi.
Also let X ′i be the image of Xˆ
′
i in Ni/K(G1). A second application of the
Frattini argument shows that X ′i generates Ni/K(G1).
Since G1 is free, there is a unique continuous homomorphism pˆi : G1 → G2
which maps Xˆ1 bijectively onto Xˆ2 under the above correspondences. It induces
the isomorphism p¯i on the Frattini quotients, as well as a continuous homomor-
phism pi : G1/K(G1) → G2/K(G2). Since Xˆ2 generates G2, the homomorphism
pˆi is onto G2, and therefore pi is onto G2/K(G2). Since pi maps X ′1 onto X ′2 we
have pi(N1/K(G1)) = N2/K(G2). 
Proposition 5.5. Let S = (S, θˆ) be a torsion free cyclotomic pro-p pair with S
a finitely generated free pro-p group. Then S is Kummerian.
Proof. We abbreviate Nˆ = Ker(θˆ). Recall that K(S) ≤ Nˆ and Nˆ/K(S) is
abelian. The quotient S/Nˆ is either Zp or {1}, whence K(S/Nˆ) = {1} (see
Example 3.1).
Let A be a free abelian pro-p group of the same rank as Nˆ/K(S). Then
(5.1) Nˆ/K(S)Nˆp ∼= A/Ap.
Let G = (G, θ) = A ⋊ (S/Nˆ), and note that A = Ker(θ). By Lemma 3.2,
K(G) = {1}. We have
(5.2) S/NˆSp ∼= G/AGp.
Lemma 5.4 yields a continuous epimorphism pi : S/K(S) → G which induces
(5.1) and (5.2), and maps Nˆ/K(S) onto A. Thus pi restricts to an epimorphism
Nˆ/K(S) → A which is an isomorphism on the Frattini quotients. Since A
is a free abelian group, the latter epimorphism is necessarily an isomorphism
(Lemma 2.3). Thus Nˆ/K(S) is also a free abelian pro-p group, as required. 
We now come to the main result of this section:
Theorem 5.6. Let G = (G, θ) be a finitely generated torsion free cyclotomic
pro-p pair. The following conditions are equivalent.
(a) G is Kummerian.
(b) G/K(G) = A⋊ (G/Ker(θ)) for a free abelian pro-p group A.
(c) The pro-p group Ker(θ)/K(G) is torsion free.
(d) The pro-p group G/K(G) is torsion free.
(e) Every cover G′ → G, with G′ Kummerian, induces an isomorphism
G′/K(G′)→ G/K(G).
(f) There is a cover S = (S, θˆ) → G, with S a finitely generated free pro-p
group, such that the induced morphism S/K(S) → G/K(G) is an iso-
morphism.
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Proof. (a)⇒(b): This follows immediately from Proposition 3.3(a).
(b)⇒(a), (b)⇒(c): We just note that A = Ker(θ)/K(G).
(c)⇔(d): Since G is torsion free, G/Ker(θ) ∼= Im(θ) is a torsion free
group. The equivalence now follows from the semi-direct product decomposi-
tion G/K(G) = (Ker(θ)/K(G))⋊ (G/Ker(θ)).
(c)⇒(e): Set G′ = (G′, θ′). By the Frattini argument, G′ is also finitely
generated. By Lemma 5.3, the cover G′ → G induces an epimorphism
(5.3) Ker(θ′)/K(G′) −→ Ker(θ)/K(G)
of abelian pro-p groups, which an isomorphism on the Frattini quotients. By
assumption, Ker(θ)/K(G) is torsion free, and by Lemma 2.1, it is finitely gener-
ated. Hence it is a free abelian pro-p group. Lemma 2.3 therefore implies that
(5.3) is an isomorphism. Also,
G′/Ker(θ′) ∼= Im(θ′) = Im(θ) ∼= G/Ker(θ).
A snake lemma argument now shows that the induced map G′/K(G′)→ G/K(G)
is also an isomorphism, and therefore the induced morphism G′/K(G′)→ G/K(G)
is an isomorphism of cyclotomic pro-p pairs.
(e)⇒(f): There is always a cover S = (S, θˆ)→ G, with S a finitely generated
free pro-p group. By Proposition 5.5, S is Kummerian.
(f)⇒(b): The pro-p group Im(θˆ) = Im(θ) is torsion free, so S is a torsion
free cyclotomic pro-p pair. By Proposition 5.5, S/K(S) ∼= A⋊ (S/Ker(θˆ)), with
A a free abelian pro-p group. 
6. 1-cocycles
Let G be a pro-p group and let θ : G → Z×p be a continuous homomorphism.
It gives rise to an action of G on Zp by gα = θ(g)α. This action induces a G-
action on Z/pn for every n ≥ 1. We denote the resulting G-modules by Zp(1)θ
and Z/pn(1)θ, respectively.
Recall that a continuous map c : G→ Zp(1)θ is a 1-cocycle if
(6.1) c(gh) = c(g) + θ(g)c(h)
for every g, h ∈ G. In particular, c is a continuous homomorphism on the
commutator subgroup [G,G].
The next lemma collects a few easy consequences of (6.1).
Lemma 6.1. Let θ : G→ Z×p be a continuous homomorphism, let c : G→ Zp(1)θ
be a continuous 1-cocycle, and let g, h ∈ G. Then:
(a) c(1) = 0;
(b) c(g−1) = −θ(g)−1c(g);
(c) c
(
g−1hg
)
= c(g−1) + θ(g)−1 (c(h) + θ(h)c(g)).
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(d) For every λ ∈ Zp,
c(gλ) =


λc(g), if θ(g) = 1,
θ(g)λ − 1
θ(g)− 1 c(g), if θ(g) 6= 1.
(e) c([g, h]) = θ(g−1)θ(h−1)
(
(1− θ(h))c(g) − (1− θ(g))c(h)).
Proof. (a), (b) and (c) follow directly from (6.1).
(d) We first assume that λ = n is a non-negative integer. Using (a) and
(6.1) we obtain by induction that c(gn) = (
∑n−1
i=0 θ(g)
i)c(g), and the desired
equality follows.
Next, for λ = −n a negative integer, (b) gives c(g−n) = −θ(g)−nc(gn), and
we use the previous case.
For an arbitrary λ ∈ Zp we use the density of Z in Zp and a continuity
argument.
(e) By (6.1) and (b),
c([g, h]) = c(g−1) + θ(g−1)
(
c(h−1) + θ(h−1) (c(g) + θ(g)c(h))
)
= −θ(g)−1c(g) + θ(g−1) (−θ(h)−1c(h) + θ(h−1) (c(g) + θ(g)c(h)))
= −θ(g)−1c(g) − θ(g−1h−1)c(h) + θ(g−1h−1)c(g) + θ(h−1)c(h)
= θ(g−1)θ(h−1) ((1− θ(h))c(g) − (1− θ(g))c(h)) .

Corollary 6.2. Let G be a profinite group, let θ : G → Z×p be a continuous
homomorphism, and let c : G→ Zp(1)θ be a continuous 1-cocycle. Then c−1({0})
is a closed subgroup of G.
Proof. By the continuity, c−1({0}) is closed. The cocycle condition (6.1) and
Lemma 6.1(a)(b) show that it is a subgroup of G. 
Lemma 6.3. Let G = (G, θ) be a cyclotomic pro-p pair. For every continuous
1-cocycle c : G→ Zp(1)θ one has c(K(G)) = {0}.
Proof. For g ∈ G and h ∈ Ker(θ) Lemma 6.1 gives
c(h−θ(g)ghg−1) = c(h−θ(g)) + c(ghg−1)
= −θ(g)c(h) + c(g) + θ(g) (c(h) + c(g−1))
= c(g) + θ(g)c(g−1) = 0.
The claim now follows from Corollary 6.2. 
Next let G(i,p), i = 1, 2, . . . , be the (pro-p) lower p-central series of G, defined
inductively by
G(1,p) = G, G(i+1,p) = (G(i,p))p[G,G(i,p)].
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Thus G(i+1,p) is the closed subgroup of G generated by all elements hp and [g, h],
where g ∈ G and h ∈ G(i,p).
Lemma 6.4. Let θ : G → 1 + pZp be a continuous homomorphism, and let
c : G→ Zp(1)θ be a continuous 1-cocycle. Then for every i,
(a) θ(G(i,p)) ⊆ 1 + piZp;
(b) c(G(i,p)) ⊆ pi−1Zp.
Proof. (a) By the binomial formula, (1 + piZp)
p ⊆ 1 + pi+1Zp. The assertion
now follows by induction on i.
(b) We argue by induction on i. For i = 1 the claim is trivial.
Next let i ≥ 1, g ∈ G and h ∈ G(i,p). By induction c(h) ∈ pi−1Zp, and by (a),
θ(h) ∈ 1 + piZp. When θ(h) 6= 1 we have (θ(h)p − 1)/(θ(h)− 1) =
∑p−1
j=0 θ(h)
j ∈
pZp. We conclude from Lemma 6.1(d) that c(h
p) ∈ piZp.
Further, by Lemma 6.1(e),
c([g, h]) = θ(g)−1θ(h)−1
(
(1− θ(h))c(g) − (1− θ(g))c(h)
)
∈ piZp.
It remains to observe that, by (6.1) and Lemma 6.1(a)(b), c−1(piZp) is a closed
subgroup of G. 
7. Kummerian pairs and 1-cocycles
In the finitely generated torsion free case, we have the following cohomological
characterization of Kummerian pairs.
Theorem 7.1. Let G = (G, θ) be a finitely generated torsion free cyclotomic
pro-p pair. Then G is Kummerian if and only if the canonical map
H1(G,Z/pn(1)θ)→ H1(G,Z/p(1)θ)
is surjective for every positive integer n.
Proof. By Proposition 3.3(a), G/K(G) = A⋊(G/Ker(θ)), whereA = Ker(θ)/K(G)
is an abelian pro-p group. By Lemma 2.1, A is a finitely generated pro-p group.
We show that, for every n ≥ 1, the natural G-action on H1(A,Z/pn(1)θ) is
trivial. Indeed, for a 1-cocycle c : A → Z/pn(1)θ, g ∈ G, and h ∈ A one has
g−1hg = hθ(g
−1)k for some k ∈ K(G). By Lemma 6.3, c(k) = 0. Using the
cocycle condition (6.1) and Lemma 6.1(d) we obtain that
(gc)(h) = θ(g)c(g−1hg) = θ(g)c(hθ(g
−1)) = θ(g)θ(g−1)c(h) = c(h).
Therefore gc = c on A. Consequently, H1(A,Z/pn(1)θ)
G = H1(A,Z/pn).
Now G is Kummerian if and only if A is a free abelian pro-p group. Since
A is finitely generated, this means that the map H1(A,Z/pn) → H1(A,Z/p) is
surjective for every n ≥ 1.
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Let pZ/pn(1)θ be the kernel of the G-module morphism Z/p
n(1)θ → Z/p.
Since G/Ker(θ) is either Zp or {1}, the cohomology groups
H2(G/Ker(θ),Z/pn(1)θ), H
2(G/Ker(θ),Z/p), H2(G/Ker(θ), pZ/pnZ(1)θ)
are trivial [NSW08, Prop. 3.5.17]. Using the five term sequence we see that the
above morphism induces a commutative diagram with exact rows
0 // H1(G/Ker(θ),Z/pn(1)θ) //

H1(G/K(G),Z/pn(1)θ) //

H1(A,Z/pn) //

0
0 // H1(G/Ker(θ),Z/p) // H1(G/K(G),Z/p) // H1(A,Z/p) // 0,
where the left vertical map is surjective. Therefore, by the snake lemma, the
middle vertical map is surjective if and only if the right vertical map is surjective.
The assertion follows. 
Remark 7.2. Let F be a field containing a root of unity of order p (and con-
taining
√−1 if p = 2). Thus GF is finitely generated. When GF is torsion
free, Theorem 7.1 gives an alternative proof of the fact that it is Kummerian
(Theorem 4.2(f)). Indeed, for θ = θF,p and n ≥ 1 we have a GF (p)-module
isomorphism Z/pn(1)θ = µpn . Hence Kummer theory identifies the canonical
homomorphism
H1(GF (p),Z/p
n(1)θ) −→ H1(GF (p),Z/p(1)θ)
with the projection F×/(F×)p
n → F×/(F×)p, which is obviously surjective.
The following equivalence is due to Labute [Lab67a, Prop. 6].
Proposition 7.3. Let G = (G, θ) be a finitely generated cyclotomic pro-p pair,
and let X¯ be a minimal system of generators of G. The following conditions are
equivalent:
(a) For every n ≥ 1 the canonical map Z/pn → Z/p induces an epimorphism
H1(G,Z/pn(1)θ) −→ H1(G,Z/p).
(b) For every n ≥ 1, every map α¯ : X¯ → Z/pn extends to a continuous
1-cocycle c : G→ Z/pn(1)θ.
(c) Every map α¯ : X¯ → Zp extends to a continuous 1-cocycle c : G→ Zp(1)θ.
From this and from Theorem 7.1 we deduce:
Corollary 7.4. Let G = (G, θ) be a finitely generated torsion free cyclotomic
pro-p pair. Then G is Kummerian if and only if conditions (a)–(c) of Proposition
7.3 hold.
Using Theorem 7.1 we obtain additional examples of Kummerian pairs.
Proposition 7.5. Let G1 and G2 be cyclotomic pro-p pairs. Then G1 ∗ G2 is
Kummerian if and only if both G1 and G2 are Kummerian.
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Proof. We write Gi = (Gi, θi), i = 1, 2, and G1 ∗ G2 = (G, θ). We may consider
Zp(1)θ and Z/p
n(1)θ as Gi-modules, i = 1, 2. The Gi-modules Z/p(1)θi , i = 1, 2,
and the G-module Z/p(1)θ are trivial.
For every n ≥ 1 there is a commutative diagram
H1 (G,Z/pn(1)θ)

Res // H1 (G1,Z/p
n(1)θ1)⊕H1 (G2,Z/pn(1)θ2)

H1 (G,Z/p(1)θ)
Res // H1 (G1,Z/p(1)θ1)⊕H1 (G2,Z/p(1)θ2)
.
By [NSW08, Th. 4.1.4, Th. 4.1.5], the upper restriction map is surjective and
the lower restriction map is an isomorphism. Consequently, the left vertical map
is surjective if and only if the middle and right vertical maps are surjective. Now
apply Theorem 7.1. 
As another important example, we recall that a pro-p group G is a Demusˇkin
group if the following conditions hold:
(i) H1(G,Z/p) is finite;
(ii) dimFp H
2(G,Z/p) = 1;
(iii) The cup product
∪ : H1(G,Z/p) ×H1(G,Z/p)→ H2(G,Z/p)
is non-degenerate.
Note that, by (i), G is finitely generated [NSW08, Prop. 3.9.1]. Explicit
presentations of the Demusˇkin groups were given by Demusˇkin [Dem61], Serre
[Ser63] and Labute [Lab67a]. If F is a finite extension of Qp(µp), then GF (p) is
Demusˇkin [NSW08, Prop. 7.5.9]. It is an open problem whether there are other
Demusˇkin pro-p groups (up to isomorphism) which are realizable as GF (p) for
some field F containing a root of unity of order p; Cf. [Efr03]. The simplest
example for which the problem is currently open appears to be the pro-2 group
G = 〈x1, x2, x3 | x21[x2, x3] = 1〉.
Cf. [JW89, Remark 5.5].
By a result of Labute [Lab67a, Th. 4], for a Demusˇkin pro-p group G there
is a unique continuous homomorphism θ : G → 1 + pZp such that G = (G, θ)
satisfies the surjectivity condition of Theorem 7.1. We deduce:
Theorem 7.6. For every torsion free Demusˇkin pro-p group G there is a unique
continuous homomorphism θ : G→ 1+ pZp such that the pair (G, θ) is Kumme-
rian.
We obtain the following additional characterization of Kummerian pairs.
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Theorem 7.7. Let G = (G, θ) be a finitely generated torsion free cyclotomic
pro-p pair. Then G is Kummerian if and only if
K(G) =
⋂
c
c−1({0}),
where c ranges over all continuous 1-cocycles G→ Zp(1)θ.
Proof. When θ = 1 we haveK(G) = [G,G] and the continuous 1-cocycles c : G→
Zp(1)θ are exactly the continuous homomorphisms G → Zp. The equivalence
therefore follows in this case from the structure of finitely generated torsion free
pro-p groups. We may therefore assume that θ 6= 1.
Suppose thatK(G) = ⋂c c−1({0}) with c as above. To prove that G is Kumme-
rian, it suffices to show that Ker(θ)/K(G) is a torsion free pro-p group (Theorem
5.6). To this end take g ∈ Ker(θ) such that gn ∈ K(G) for some positive integer
n. For every 1-cocycle c : G → Zp(1)θ Lemma 6.1(d) gives 0 = c(gn) = nc(g),
whence c(g) = 0. By the assumption, g ∈ K(G), as desired.
Conversely, suppose that G is Kummerian. By Corollary 7.4, condition (c) of
Proposition 7.3 holds. By Lemma 6.3, K(G) ⊆ ⋂c c−1({0}).
For the converse inclusion, choose x0 ∈ G whose coset generates G/Ker(θ) ∼=
Zp. Also choose x1, . . . , xd ∈ G whose cosets modulo K(G) form a minimal
set of generators of the free abelian pro-p group Ker(θ)/K(G). Then G =
〈x0, x1, . . . , xd〉K(G). Moreover, x0, . . . , xd form a minimal set of generators
of G, as K(G) ⊆ Frat(G).
Given g ∈ G, we may write
g = xλ00 x
λ1
1 · · · xλdd · t
for some λ0, λ1 . . . , λd ∈ Zp and t ∈ K(G). Now assume further that g ∈⋂
c c
−1({0}). Fix 0 ≤ i ≤ d and set h = xλ00 · · · xλi−1i−1 and h′ = xλi+1i+1 · · · xλdd .
Condition (c) of Proposition 7.3 yields a continuous 1-cocycle ci : G → Zp(1)θ
such that ci(xi) = 1 and ci(xj) = 0 for j 6= i. By Lemma 6.2, ci(h) = ci(h′) = 0,
and by Lemma 6.3, ci(t) = 0. Using Lemma 6.1 we compute:
0 = ci(g) = ci(hx
λi
i h
′t) = ci(h) + θ(h)
(
ci(x
λi
i ) + θ(x
λi
i )
(
ci(h
′) + θ(h′)ci(t)
))
= θ(h)ci(x
λi
i ) =


θ(h) · λi, if θ(xi) = 1,
θ(h) · θ(xi)
λi − 1
θ(xi)− 1 , if θ(xi) 6= 1.
As Im(θ) is torsion free, this implies that λi = 0. Since i was arbitrary, g = t ∈
K(S). 
8. Groups which are not maximal pro-p Galois groups
In this section we provide examples of pro-p groups G which cannot be com-
pleted to a Kummerian torsion free cyclotomic pro-p pair (G, θ). Recall that
when p 6= 2, every cyclotomic pro-p pair is torsion free. Hence, by Theorem
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4.2(f), in each of these examples, G is not realizable as the maximal pro-p Ga-
lois group of a field containing a root of unity of order p. Similarly, when p = 2,
the group G is not realizable as a maximal pro-2 Galois group of a field contain-
ing a root of unity of order 4.
Theorem 8.1. Let S be the free pro-p group on the basis X = {x1, x2, . . . , xd}
of d elements, and S1 its closed subgroup generated by x2, . . . , xd. Let R be a
closed normal subgroup of S contained in Frat(S). Suppose that R contains a
relation r of one of the following types:
(i) r = xλ1s, where 0 6= λ ∈ pZp and s ∈ S1;
(ii) r = xλ1st, with λ ∈ pZp \ pkZp for some k ≥ 2, s ∈ S1 ∩ [S, S], and
t ∈ S(k+1,p) ∩ [S, S].
Then G = S/R cannot be completed into a Kummerian torsion free cyclotomic
pro-p pair G = (G, θ).
Proof. Let θ : G → 1 + pZp be a continuous homomorphism with Im(θ) torsion
free. Consider the map α : X → Zp given by α(x1) = 1, and α(xi) = 0, i =
2, . . . , d. Suppose that c : G→ Zp(1)θ is a continuous 1-cocycle extending α. We
denote the image of u ∈ S in G by u¯. Thus r¯ = 1, so c(r¯) = 0.
Consider case (i). Corollary 6.2 implies that c(s¯) = 0. Now (6.1) and Lemma
6.1(d) imply that
0 = c(r¯) =


λ, if θ(x¯1) = 1,
θ(x¯1)
λ − 1
θ(x¯1)− 1 , if θ(x¯1) 6= 1.
This contradicts the assumptions on λ and Im(θ).
Next we consider case (ii). Since θ is trivial on [G,G], we have θ(s¯) = θ(t¯) = 1,
whence θ(x¯1) = 1. By Corollary 6.2, c(s¯) = 0, and by Lemma 6.4(b), c(t¯) ∈ pkZp.
Using Lemma 6.1 we compute
0 = c(r¯) = c(x¯λ1 ) + c(s¯t¯) = λ+ c(s¯) + c(t¯) = λ+ c(t¯),
contrary to the assumptions on λ. 
A special case of Theorem 8.1 (in case (ii)) was earlier proved using other
techniques by Rogelstad [Rog15, Th. 5.2.1] (who states in [Rog15, p. iii] that it
is a joint research with J. Mina´cˇ and N.D. Taˆn).
Remark 8.2. When p = 2, one cannot remove in Theorem 8.1 the condition that
G is torsion free. For example, Z/2 can be completed to the pro-2 cyclotomic pair
GR, which is Kummerian, by Example 4.2(f) (or by Example 3.5(3)). Another
example is the pro-2 group
〈x1, x2, x3 | x21x42[x2, x3] = 1〉,
which is the underlying group of GQ2 [NSW08, Ch. VII, §5, p. 417].
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Example 8.3. Let S be the free pro-p group on the basis X = {x1, x2, x3} of
3 elements. Let 0 6= λ1, λ2 ∈ pZp with λ1 6= λ2. Let R be a closed normal
subgroup of S contained in Frat(S) and containing the two relations
r1 = x
λ1
1 [x1, x3] and r2 = x
λ2
2 [x2, x3].
We show that G = S/R cannot be completed into a Kummerian torsion free
cyclotomic pro-p pair G = (G, θ).
Indeed, let θ : G → 1 + pZp be a continuous homomorphism and suppose
that (G, θ) is torsion free. Set θi = θ(x¯i) for i = 1, 2, 3. Since θ is trivial on
commutators, θλ11 = θ
λ2
2 = 1. As Im(θ) is torsion free, θ1 = θ2 = 1. Now assume
that c : G → Zp(1)θ is a continuous 1-cocycle such that c(x¯1) = c(x¯2) = 1. we
may lift it to a 1-cocycle cˆ : S → Zp(1)θ. By Lemma 6.1(d)(e), 0 = cˆ(ri) =
λi + θ
−1
3 − 1, i = 1, 2, contrary to λ1 6= λ2. Therefore G is not Kummerian.
For a pro-p group G, let Hn(G) = Hn(G,Z/p) denote the n-th cohomol-
ogy group of G, with Z/p considered as a trivial G-module. Then H∗(G) =⊕
n≥0H
n(G) is a graded Fp-algebra with respect to the cup product.
We denote the (graded) tensor algebra of an abelian group B by
Tens∗(B) =
⊕
n≥0
Tensn(B).
Given a graded algebra A∗ =
⊕
n≥0An we write (A∗)dec for its decomposable
part, i.e., its subalgebra generated by A1. The graded algebra A∗ is called
quadratic if the canonical morphism Tens∗(A1)→ A∗ is surjective and its kernel
is generated by homogenous elements of degree 2. Notably, the Milnor K-ring
KM∗ (F ) of a field F is quadratic. Using the celebrated Rost–Voevodsky Theorem
one obtains the following fundamental consequence (see, e.g., [Qua14, §2] or
[CEM12, Remark 8.2]):
Theorem 8.4. Let F be a field containing a root of unity of order p. Then
H∗(GF (p)) is a quadratic Fp-algebra.
This fundamental fact allows us to show that the converse of Theorem 4.2(f)
does not hold in general, i.e., not all Kummerian cyclotomic pairs are realizable
as GF for some field F as above.
Example 8.5. Let S be the free pro-p group on two generators, and let G = S×
S. Then Gab = Z4p, so by Example 3.5(1), the cyclotomic pro-p pair G = (G, 1)
is Kummerian.
On the other hand, take a continuous epimorphism ϕ : S → Zp, and let
K = {(s, s′) ∈ G = S × S | ϕ(s) = ϕ(s′)}.
It was shown in [Qua14, Th. 5.6] that H∗(K) is not quadratic. Consequently, G
is not realizable as GF for any field F containing a root of unity of order p.
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The following result was proved in [CEM12] using the quadraticness of the
ring H∗(GF (p)) (Theorem 8.4):
Theorem 8.6. Let F be a field containing a root of unity of order p and let
G = GF (p). Then the inflation map Inf : H
∗(G/G(3,p))dec → H∗(G) is an iso-
morphism.
In [EMi17], an even stronger version of this result is shown, in which G(3,p) is
replaced by the third term of the p-Zassenhaus filtration of G.
Example 8.7. Consider the pro-p group
G = 〈x1, x2, x3 | [[x1, x2], x3] = 1〉.
The cyclotomic pro-p pair (G, 1) is Kummerian, by Example 3.5(1).
On the other hand, Theorem 8.6 implies that G is not realizable as the maxi-
mal pro-p Galois group of any field containing a root of unity of order p. Indeed,
let S be the free pro-p group on 3 generators. Then S/S(3,p) ∼= G/G(3,p), but
H2(S) = 0 6= H2(G), since G is not free pro-p [NSW08, Prop. 3.5.9]. Theorem
8.6 therefore implies that at least one of the groups S and G is not a Galois
group as above. But S is well known to be realizable as a Galois group of this
form, so G is necessarily not (Cf. [CEM12, §9] also for other examples of this
type).
9. Connections with the triple Massey product criterion
The goal of this section is to give an example of a pro-p group G which can be
ruled out from being a maximal pro-p Galois group of a field containing a root
of unity of order p (resp., 4) when p > 2 (resp., p = 2) using the Kummerian
property, but not using other known cohomological properties of such Galois
groups: the Artin–Schreier/Becker restriction on finite subgroups, quadraticness
(Theorem 8.4), and the 3-fold Massey product property for such groups (see
below). Thus the Kummerian property appears to be a genuine new restriction
on the structure of maximal pro-p Galois groups.
Specifically, our example is G = S/R, where S is the free pro-p group on basis
x1, . . . , xd, with d ≥ 3 odd, and R is its closed normal subgroup generated by
(9.1) r = xp
f
1 [x2, x3][x4, x5] · · · [xd−1, xd]
for f ≥ 1. When p = 2 we further assume that f ≥ 2 (later on we will also require
that f ≥ 2 when p = 3). It is a consequence of Theorem 8.1 that G cannot be
completed into a Kummerian torsion free cyclotomic pro-p pair. Hence it is not
realizable as GF (p) for F as above. For p 6= 2 and d = 3, this was earlier shown
in [KZ05] using other methods.
We will use the connections between presentations of pro-p groups using gen-
erators and relations on one hand and cup products and Bockstein elements on
the other hand, as described e.g. in [Lab67a], [NSW08, Ch. III, §9]. Let S be
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a free pro-p group, let R be a closed normal subgroup of S, and let G = S/R.
There is a non-degenerate bilinear map
(·, ·)R : R/Rp[R,S]×H1(R)S → Fp, (g¯, ϕ) = −ϕ(g).
In particular, (·, ·)S gives a perfect duality between S/Frat(S) andH1(S). When
in addition R is contained in Frat(S), the inflation Inf : H1(G) → H1(S) is an
isomorphism. As H2(S) = 0, the 5-term sequence implies that the transgression
map trg : H1(R)S → H2(G) is an isomorphism. We obtain a non-degenerate
bilinear map
(·, ·)′R : R/Rp[R,S]×H2(G)→ Fp, (g¯, α)′ = (trg−1 α)(g).
Going back to our example, let χ1, . . . , χd be the Fp-linear basis of H
1(G) =
H1(S) which is dual to the images x¯1, . . . , x¯d of x1, . . . , xd in S/Frat(S), with
respect to (·, ·)S . Let BockG,p be the Bockstein map, i.e., the connecting homo-
morphism corresponding to the short exact sequence of G-modules
0→ Z/p→ Z/p2 → Z/p→ 0.
Proposition 9.1. (a) If 2 ≤ i ≤ d or f ≥ 2, then (r¯,BockG,p(χi))′R = 0.
(b) For 1 ≤ i ≤ j ≤ d one has χi ∪ χj 6= 0 if and only if i is even and
j = i+ 1.
(c) For ψ ∈ H1(G) one has ψ ∪ H1(G) = {0} if and only if ψ = aχ1 for
some a ∈ Fp.
(d) H2(G) is one-dimensional.
(e) cd(G) = 2.
(f) The graded Fp-algebra H
∗(G) is quadratic.
(g) G is torsion free.
Proof. Let r¯ be the image of r in R/Rp[S,R].
(a) By [NSW08, Prop. 3.9.14], (r¯,BockG,p(χi))
′
R is 0 for 2 ≤ i ≤ d, and is
pf−1 for i = 1. Further, pf−1 = 0 ∈ Fp for f ≥ 2.
(b) By [NSW08, Prop. 3.9.13], one has
(r¯, χ2 ∪ χ3)′R = (r¯, χ4 ∪ χ5)′R = · · · = (r¯, χd−1 ∪ χd)′R = 1,
and (r¯, χi ∪ χj)′R = 0 for any other i < j.
Next suppose that i = j. If p > 2 then χi ∪ χi = 0, by the anti-symmetry of
the cup product. When p = 2 we have χi∪χi = BockG,p(χi) [EMi11, Lemma 2.4]
and by assumption, f ≥ 2. Thus, by (a), (r¯, χi ∪ χi)′R = (r¯,BockG,p(χi))′R = 0
in this case as well.
(c) This follows from (b).
(d) This follows from the fact that G is a one-relator pro-p group [NSW08,
Cor. 3.9.5].
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(e) We use a method of Labute from [Lab67b]. Let S(i), i = 1, 2, . . . ,
be the (pro-p) lower central series of S, defined inductively by S(1) = S and
S(i+1) = [S, S(i)]. For g ∈ S we define ω(g) = sup{i | g ∈ S(i)}. Set
u = x1, v = [x2, x3] · · · [xd−1, xd].
Then r = up
f
v, and one has ω(u) = 1 and ω(v) = 2. By assumption, f ≥ 2
when p = 2, so
1
f
(
f − 1 + ω(v)
ω(u)
)
=
f + 1
f
< p.
Therefore [Lab67b, Th. 4] implies that cd(G) ≤ 2. By (b), H2(G) 6= 0.
(f) This follows from (d) and (e).
(g) This follows from (e). 
9.2. Remarks. (1) By Proposition 9.1(g), G cannot be ruled out from being a
Galois group GF (p) as above by means of the Artin–Schreier/Becker restriction,
namely that the nontrivial finite subgroups in such a group can only be of order
2. By Proposition 9.1(f) it cannot be ruled out from being of the form GF (p)
by means of the Voevodsky–Rost restriction, as in Theorem 8.4.
(2) Since χ1 ∪H1(G) = 0 (Proposition 9.1(c)), G is not a pro-p Demusˇkin
group.
(3) By contrast, when p = 2 and f = 1, we have by [NSW08, Prop. 3.9.14],
(r¯,Bock(χ1))
′
R = 1, whence χ1 ∪χ1 = Bock(χ1) 6= 0. Therefore G is in this case
a pro-2 Demusˇkin group.
(4) When p 6= 2, the fact that cd(G) = 2 also follows from Schmidt’s
[Sch10, Th. 6.2].
We now explain the triple Massey product restriction on maximal pro-p Galois
groups. Let F be a field containing a root of unity of order p. In addition to the
“internal” ring structure of H∗(GF (p)) as a graded ring with the cup product,
which is fully determined by the Voevodsky–Rost theorem (see §8), it carries
an “external” structure which can be used to rule out more groups from being
maximal pro-p Galois groups. Specifically, there are known constrains on the
triple Massey product in such groups. Recall that for a pro-p group G and for
n ≥ 2, the n-fold Massey product on H1(G) is a multi-valued map
H1(G) × · · · ×H1(G) −→ H2(G).
For more details on this operation in the general homological context see [Dwy75],
[Kra66]. See e.g. [Efr14], [EM17], [MT16], [MT17], [Mor04], [Sha07], [Vog04],
[Wic12a], or [Wic12b] for Massey products in the profinite and Galois-theoretic
context.
As observed by Dwyer [Dwy75] for discrete groups (see also [Efr14] for the
profinite context) Massey products H1(G)n → H2(G) for a pro-p group G can
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be interpreted in terms of unipotent upper-triangular representations of G as
follows. Let In+1 denote the (n+1)× (n+1) identity matrix and let and Ei,j be
the (n+1)× (n+1) matrix with 1 at entry (i, j) and 0 elsewhere. Let Un+1(Fp)
be the group of all unipotent upper-triangular (n + 1) × (n + 1)-matrices over
Fp. Its center Z(Un+1(Fp)) consists of all matrices In+1 + aE1,n+1 with a ∈ Fp.
Let
U¯n+1(Fp) = Un+1(Fp)/Z(Un+1(Fp)).
Lemma 9.3. Let G be a pro-p group and let ϕ1, . . . , ϕn ∈ H1(G), n ≥ 2.
(a) The Massey product 〈ϕ1, . . . , ϕn〉 is non-empty if and only if there exists
a continuous homomorphism γ : G→ U¯n+1(Fp) such that γi,i+1 = ϕi for
i = 1, . . . , n.
(b) The Massey product 〈ϕ1, . . . , ϕn〉 contains 0 if and only if there exists a
continuous homomorphism γ : G → Un+1(Fp) such that γi,i+1 = ϕi for
i = 1, . . . , n.
Here γi,i+1 : G→ Fp is the projection of γ on the (i, i+1)-entry. Note that it
is a group homomorphism. We call a Massey product 〈ϕ1, . . . , ϕn〉 essential if it
is non-empty, but does not contain 0.
Next we focus on triple Massey products 〈ϕ1, ϕ2, ϕ3〉, with ϕ1, ϕ2, ϕ3 ∈ H1(G).
If this product is non-empty, then it is a coset of ϕ1 ∪H1(G) + ϕ3 ∪H1(G) in
H2(G) [MT17, Remark 2.2]. We deduce:
Lemma 9.4. Suppose that dimFp H
2(G) = 1. If 〈ϕ1, ϕ2, ϕ3〉 is essential, then
it contains a single element, and ϕ1 ∪H1(G) = ϕ3 ∪H1(G) = {0}.
In the Galois pro-p context one has the following result of Matzri [Mat14]; see
also [EM17] and [MT16].
Theorem 9.5. Let F be a field containing a root of unity of order p. Let
ϕ1, ϕ2, ϕ3 ∈ H1(GF (p)). Then 〈ϕ1, ϕ2, ϕ3〉 is not essential.
We now turn again to the group G with the defining relation r of (9.1), and
assume that pf > 3.
Proposition 9.6. Let ϕ1, ϕ2, ϕ3 ∈ H1(G). Then the triple Massey product
〈ϕ1, ϕ2, ϕ3〉 is not essential.
Proof. As dimFp H
2(G) = 1 (Proposition 9.1(d)), and in view of Lemma 9.4, we
may assume that 〈ϕ1, ϕ2, ϕ3〉 contains exactly one element and ϕ1 ∪ H1(G) =
ϕ3 ∪H1(G) = 0. By Proposition 9.1(c), ϕ1 = aχ1, ϕ3 = bχ1 for some a, b ∈ Fp.
Identifying ϕ1, ϕ2, ϕ3 also as elements of H
1(S), we define a continuous ho-
momorphism γˆ : S → U4(Fp) by
γˆ(x) =


1 ϕ1(x) 0 0
0 1 ϕ2(x) 0
0 0 1 ϕ3(x)
0 0 0 1

 .
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Thus γˆ(xi) = I4+ϕ2(xi)E2,3 for 2 ≤ i ≤ d. Note that the map λ : Fp → U4(Fp),
a 7→ I4 + aE2,3, is a group homomorphism, and there is a commutative square
〈x2, . . . , xd〉
γˆ //
 _

U4(Fp)
G
ϕ2 // Fp.
λ
OO
Since Fp is abelian, γˆ([xi, xi+1]) = I4 for every 2 ≤ i < d. Also, since the char-
acteristic is p, we have γˆ(xp
f
1 ) = I4 + (γˆ(x1) − I4)p
f
. Since pf > 3, this gives
γˆ(xp
f
1 ) = I4, and therefore γˆ(r) = I4. Thus γˆ induces a continuous homomor-
phism γ : G→ U4(Fp). By Lemma 9.3(b), 〈ϕ1, ϕ2, ϕ3〉 = {0}. 
Remark 9.7. When p = 3, the assumption in Proposition 9.6 that f ≥ 2 cannot
be omitted. Indeed, 〈χ1, χ1, χ1〉 = {−BockG,3(χ1)} [Vog04, Prop. 1.2.15]. When
f = 1 [NSW08, Prop. 3.9.14] shows that (r¯,BockG,3(χ1))
′
R = 1 ∈ F3. This
implies that BockG,3(χ1) 6= 0, so 〈χ1, χ1, χ1〉 is essential.
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